Let K be a convex body in R n and δ > 0. The homothety conjecture asks: Does K δ = cK imply that K is an ellipsoid? Here K δ is the (convex) floating body and c is a constant depending on δ only. In this paper we prove that the homothety conjecture holds true in the class of the convex bodies B 
Introduction
Floating bodies appear in many contexts and have been widely studied (see e.g. [1, 2, 4, 5, 6, 8, 13, 14, 15, 19, 20, 21, 23, 26] ). The homothety conjecture is among the problems related to floating bodies that was open for a long time. It asks: Does K have to be an ellipsoid, if K is homothetic to K δ for some δ > 0?
In [16] , Schütt and Werner obtained a (partial) positive solution to this conjecture. They showed that if there is a sequence δ k → 0 such that K δ k is homothetic to K for all k ∈ N (with respect to the same center of homothety), then K is an ellipsoid.
Stancu [20] (see also [19] ) proved that if for a convex body K with boundary of class C 2 + there exists a positive number δ(K) such that K δ is homothetic to K for some δ < δ(K), then and only then K is an ellipsoid.
These results are not completely satisfactory for different reasons. The first one requires a sequence K δ k of convex bodies to be homothetic to the body K. The second one needs smoothness assumptions on ∂K and, in addition, δ has to be sufficiently small, but no estimates are given how small. Moreover, these results do not work even in the case of very basic convex bodies, such as B n p , 1 ≤ p ≤ ∞, the unit balls of l n p .
It should also be noted in this context, that Milman and Pajor [9] showed that if K is a symmetric convex body, then for large δ, the floating body K δ is always uniformly, up to a factor C(δ), isomorphic to an ellipsoid, namely to the dual of the Binet ellipsoid from classical mechanics.
In this paper, we give a positive solution of the homothety conjecture. Namely we prove Theorem 2 Let K be a convex body in R n . There exists a positive number δ(K), such that K δ is homothetic to K for some δ ≤ δ(K), if and only if K is an ellipsoid.
Our proof is different from Stancu's proof. No smoothness assumptions are required. In fact, the main ingredient in our proof is to show that the homothety assumption implies that ∂K is C 2 + . This is done in Lemmas 2 and 4.
Our proof of Theorem 2 gives a possibility to estimate the threshold δ(K) for convex bodies K in R n that have sufficiently smooth boundary. This is done in Section 5.
We also show the following theorem, which gives a positive solution of the homothety conjecture for the B n p balls, 1 ≤ p ≤ ∞, and their affine images without any requirements on the size of δ.
Then (B n p ) δ = cB n p for some 0 < c < 1 if and only if p = 2.
Throughout the paper we will use the following notations. For 1 ≤ p ≤ ∞,
, and for p = ∞ x ∞ = max 1≤i≤n |x i |.
Let u ∈ S n−1 = ∂B n 2 , the boundary of the Euclidean unit ball B n 2 . Then H(x, u) = {y ∈ R n , y, u = x, u } is the hyperplane through x with outer unit normal vector u. The two half-spaces generated by H(x, u) are H − (x, u) = {y ∈ R n , y, u ≥ x, u } and H + (x, u) = {y ∈ R n , y, u ≤ x, u }.
is the Euclidean norm on R n .
For a convex body K in R n and x ∈ ∂K, the boundary of K, N K (x) denotes the outer unit normal vector to K and κ K (x) the Gauss curvature of K at x. N K (x) exists almost everywhere (see [11] ). int(K) is the interior of K. We write |K| or vol n (K) for the volume of K. We say that K is in C 2 + , if ∂K is C 2 and has everywhere strictly positive Gauss curvature. Without loss of generality, we will assume throughout the paper that, unless specified otherwise, 0 is the center of gravity of K and that K homothetic to K δ is meant with 0 as the center of homothety.
The paper is organized as follows. In Section 2 we provide background and prove some properties of the convex floating body that are needed in the next sections. In Section 3 we prove that the homothety conjecture holds true for B n p , 1 ≤ p ≤ ∞. In Section 4 we prove Theorem 2. Moreover, we give (partial) positive solutions of a generalized homothety conjecture. In Section 5 we give estimates on the threshold δ(K).
The convex floating body and homothety
Let K be a convex body with 0 ∈ int(K) and δ be a positive number such that δ < |K| 2 . The convex floating body is defined as follows [15] .
Definition 1 [15] Let K be a convex body in R n . The convex floating body K δ is the intersection of all halfspaces H + whose defining hyperplanes H cut off a set of volume at most δ from K,
Clearly, K 0 = K and K δ ⊂ K for all δ ≥ 0. Moreover, the convex floating body has the following property: for all (invertible) affine maps T on R n and for all δ > 0
Here |det(T )| is the absolute value of the determinant of T . In particular, for an affine map T with |det(
An ellipsoid E is the affine image of B n 2 , E = T (B n 2 ), for some invertible affine map T on R n . It is easy to see that (B n 2 ) δ = cB n 2 for all δ ≥ 0 and for a constant c = c(δ) < 1 depending on δ only. Hence one gets with (1) that for all ellipsoids E
for all δ ≥ 0 and for some constant c δ |det(T )| < 1. In other words, if the homethety conjecture holds true, then K δ = cK for some δ > 0 and some constant 0 < c < 1 if and only if K is an ellipsoid in R n . Now we make some general observations concerning homothety of K with one of its convex floating bodies. First, only a strictly convex body can be homothetic to one of its convex floating bodies. This is a consequence of the flowing lemma proved in [16] .
Lemma 1 [16] Let K be a convex body in R n , and let 0 < δ < |K|/2. Then K δ is strictly convex.
Thus, in particular, no polytope can be homothetic to one of its floating bodies. The next lemma and its proof is almost identical to Lemma 3 of [16] . We give the proof for completeness.
Lemma 2 Let K be a convex body in R n , and let δ > 0. If K δ is homothetic to K, then ∂K is of class C 1 .
Proof. Suppose that ∂K is not of class C 1 . Then there is x 0 ∈ ∂K so that ∂K has two different supporting hyperplanes, H 1 and H 2 , passing through x 0 . We may assume that there are two sequences (x 1 k ) k∈N and (x 2 k ) k∈N on ∂K converging to x 0 so that we have: (i) the supporting hyperplanes
See the proof of Lemma 3 in [16] for the construction of these sequences. We choose a coordinate system such that x 0 = 0,
and
with b < a where x(l) denotes the l-th coordinate of the vector x ∈ R n . Let x δ be the point on ∂K δ that corresponds to x 0 by homothety. We can assume that in the chosen coordinate system x δ = (0, . . . , 0, x δ (n)) with x δ (n) > 0. Let
By homothety, one sees that H is a support hyperplane of ∂K δ . For α, β ∈ R, let
and let M * be such a set for which the (n − 2)-dimensional volume is maximal
We consider the set in the (x(n − 1), x(n))-plane that consists of all points (α, β) so that M (α, β) = ∅. This set is contained in the triangle T bounded by the lines
Now we consider the sets K ∩ (x δ + H i ) − , i = 1, 2. It follows from (i), (ii) and Lemma 2 of [16] that
where c 1 , c 2 depend only on K. Therefore we obtain by (2) and (5)
By (3) we get with a new constant c > 0
If we choose ε sufficiently small we get a contradiction to (4).
Remark 1 If K is strictly convex and C 1 , K δ need not be C 1 .
To see that, consider a "rounded simplex" S in R 2 whose vertices have been "rounded" by putting a small εB n 2 ball at each vertex and whose edges have been made strictly convex by replacing them by arcs of Euclidean balls RB n 2 with R very large. Then there are points of non-differentiability on that parts of ∂S δ that face the "edges" of S. Hence homothety is crucial in the previous lemma.
Note however that if K is strictly convex, C 1 and, in addition, symmetric, then
+ . This was shown in [6] .
The following symmetric matrix is closely related to the curvature of the floating body [4] (see also [16] ). For x ∈ int(K), ξ ∈ S n−1 , and an orthonormal coordinate system in the plane H(x, ξ) with origin x, let l(η) be the line through x with direction η and y = l(η) ∩ ∂K. Let r(η) = x − y and β(η) be the angle between l(η) and a tangent line to ∂K through y whose orthogonal projection onto H(x, ξ) is l(η). Define for 1 ≤ i, j ≤ n − 1
where σ n−2 is the surface measure on S n−2 . For x δ ∈ ∂K δ , we will use H(x δ , δ) to denote the hyperplane through x δ cutting off a set of volume δ from K. Such a hyperplane always exists by Lemma 2 of [16] .
Then we have the following lemma [4] (see also [16] )
Let K be a convex body of class C 1 and let δ > 0. Suppose that for every x δ ∈ ∂K δ and every H(x δ , δ) the matrix Q is positive definite. Then ∂K δ is of class C 2 . Moreover, the Gauss curvature of K δ at x δ ∈ ∂K δ can be calculated by
and hence, K δ is of class C 2 + .
Also the next lemma and its proof is almost identical to Lemma 6 of [16] . Again, we give the proof for completeness. We will also use the following:
For every x ∈ ∂K, we define ρ(x) to be the radius of the largest Euclidean ball that is contained in K and whose center lies on the line through x with direction
is a center of a ball with radius ρ(x) that is contained in K. ρ(x) is a continuous, strictly positive function on ∂K because ∂K is of class C 1 . By compactness there is ρ 0 > 0 so that we have for all x ∈ ∂K
By Lemma 5 of [16] and the homothety of K and K δ , we get that there is R > 0 so that we have for all
Lemma 4 If K is of class C 1 and homothetic to K δ for some δ ≤ δ 0 , then the matrix Q is positive definite for every x δ in ∂K δ . Moreover δ 0 can be chosen to be
where ρ 0 and R are as in (7) and (8).
Proof. We want to show that we have for δ sufficiently small: For all x ∈ ∂K δ and for all η we have cot(β(η)) > 0. This implies that (6) is a positive-definite matrix and by Lemma 3 we get that ∂K δ is of class C 2 and therefore ∂K is also of class C 2 by homothety.
Let ρ 0 and R be as in (7) and (8). We choose s > 0 so that the orthogonal projection of It is easy to see that this holds if
Now we choose δ 0 . We choose δ 0 so small that we have for all x ∈ ∂K
From Figure (1) , it follows that
From Figure ( 2), it follows that β(η) ≤ γ ≤ α and
.
We determine now δ 0 from (10) as follows
Then for all δ ≤ δ 0 , (10) holds. Indeed, for x ∈ ∂K, let C (t(x), ρ 0 ) = conv x, B n−1 2 (x − t(x)N K (x), ρ 0 ) be the cone with tip at x, height t(x) and with the (n − 1)-dimensional ball centered at x − t(x)N K (x) and radius ρ 0 as base. Then, as B n
which shows that (10) holds.
Remark 2 (i) Thus, by Lemmas 1, 2, 3, and 4, a convex body K in R n can only be homothetic to one of its floating bodies K δ for small enough δ, if K is strictly convex and of class C 2 + . (ii) The example of Remark 1 shows that the assumption of homothety is also crucial in Lemma 4. In this section, we show that the homothety conjecture holds true in the class of the bodies B n p for all 1 ≤ p ≤ ∞ and their affine images.
Remark. By (1), the same holds true for affine images T B n p of B n p under an invertible linar map T on R n : Let K = T B n p , 1 ≤ p ≤ ∞. Let 0 < δ < |K| 2 be a constant. K δ = c K for some constant 0 < c < 1 if and only if K is an ellipsoid.
Proof of Theorem 1. It was noted above that (B n
2 ) δ is homothetic to B n 2 for all δ with 0 < δ <
For the reverse implication, it is enough to consider p with 1 < p < ∞. Indeed, B n 1 and B n ∞ are polytopes and it was observed above that polytopes cannot be homothetic to any of their floating bodies.
We first consider the case when 1 < p < 2. Then ∂B n p is of class C 1 but not of class C 2 : at e n = (0, · · · , 0, 1), ∂B n p is not C 2 . If B n p were homothetic to (B n p ) δ for some δ, then Lemma 3 would imply that (B n p ) δ is C 2 . Indeed, for all x ∈ ∂(B n p ) δ , 0 < β(η) < π 2 for all η ∈ S n−2 and thus cot(β(η)) > 0 or all η ∈ S n−2 . Therefore the matrix Q of (6) is positive definite and by Lemma 3 (B n p ) δ and thus, by homothety, B n p is C 2 , a contradiction. Now we consider the case 2 ≤ p < ∞. Then ∂B n p is of class C 2 and thus, assuming that B n p is homothetic to B n p δ for some δ > 0, B n p δ is C 2 .
It was shown in [18] , that the curvature κ B n p at x ∈ ∂B n p is
Thus for e n = (0, · · · , 0, 1), κ B n p (e n ) = 0, if p > 2 and κ p (e n ) = 1, if p = 2. Consequently, as we assume that B n p δ = cB n p for some δ > 0, the curvature at ce n ∈ ∂ B n p δ is different from 0 only when p = 2 and for all p > 2
By Lemma 3,
, which is 0 if and only if det(Q) = ∞.
By (6), the matrix Q has entries
. Therefore, det(Q) < ∞ and thus the curvature at ce n ∈ ∂ B n p δ is strictly positive which contradicts (12).
We point out that (B n p ) δ ∈ C 2 + for all p ∈ (1, ∞) and all δ > 0 can be obtained from results in [6] .
More generally, in the same way as Theorem 1, one can prove Proposition 1 Let K be a convex body in R n . If K has a point on the boundary where the Gauss curvature is either 0 or ∞, then K is not homothetic to K δ for any δ ≤ δ 0 with δ 0 given as in Lemma 4.
Proof. Let x 0 in ∂K be such that κ K (x 0 ) = ∞ and suppose that K is homothetic to K δ for some δ ≤ δ 0 . Then, by Remark 2, K is strictly convex and in C 2 + . By Lemma 3,
where cx 0 is the point on ∂K δ corresponding to x 0 by homothety. This is ∞ if and only if det(Q) = 0. But by Lemmas 3 and 4 ( respectively Remark 2), K is in C 2 + , thus Q is positive definite and thus det(Q) > 0, a contradiction.
The case κ K (x 0 ) = 0 is treated similarly.
Homothety conjecture for general K
In Section 2 we proved the homothety conjecture for B n p , 1 ≤ p ≤ ∞ and their affine images. The proof uses the fact that one only needs to examine one properly chosen direction in order to be able to conclude. In this section, we will use two directions to prove positive solutions to the homothety conjecture. Moreover, our approach is robust and can be used to obtain (partial) positive solutions for generalized homothety conjecture.
Theorem 2 Let K be a convex body in R n . There exists a positive number δ(K), such that K δ is homothetic to K for some δ < δ(K), if and only if K is an ellipsoid.
In the next section we provide estimates for the threshold δ(K).
To prove this theorem, we need the following lemmas. Lemma 5 was proved in [10] and Lemma 6 was proved in [15] . See also [26] for similar results.
+ be a convex body with boundary of class C 2 and everywhere strictly positive Gaussian curvature. Let c(K, n) be a constant only depending on K and n. Then
holds true if and only if K is an ellipsoid.
Lemma 6 [15] Let K ∈ C 2 + be a convex body with boundary of class C 2 and everywhere strictly positive Gaussian curvature. Then, for any x ∈ ∂K,
Proof of Theorem 2. Suppose that K is homothetic to K δ for some δ < δ(K) with δ(K) ≤ δ 0 , where δ 0 is given by Lemma 4 (δ(K) will be determined more precisely later). Suppose that K not an ellipsoid. By Lemma 1 and homothety, K is strictly convex. By Lemma 2 and homothety, K is C 1 . By Lemma 4, homothety and Lemma 3, K is in C 2 + . K ∈ C 2 + implies that x, N K (x) and κ K (x) both are continuous functions on ∂K. We define points x M ∈ ∂K and x m ∈ ∂K by
As K is not an ellipsoid, Lemma 5 implies that
Equivalently, one has
By Lemma 6, for
where
Again by Lemma 6, for
If K δ = cK for some 0 < δ < δ(K) and for some constant c(δ) > 0, then formulas (13) and (14) imply that
and hence
Equivalently, τ ≤ 1 which is a contradiction. Hence K must be an ellipsoid.
Remark. We can replace x M and x m by any two points x, y ∈ ∂K such that
Following the above proof, one gets Theorem 3 Let K be a convex body in R n . Suppose that there are two points x, y ∈ ∂K, such that, both κ K (x) and κ K (y) exist and are finite, and
Then there is a constant δ(K, x, y) depending on K, x and y such that K δ is not homothetic to K for all δ ≤ δ(K, x, y).
Analogously, we can ask the following generalized homothety conjecture.
Generalized Homothety Conjecture: Let K be a convex body in R n . Does K s = cK for some 0 < s and some c > 0 imply that K is an ellipsoid? Here {K s } s≥0 is a family of convex bodies constructed from K.
Besides the convex floating body K δ , examples of such K s include
2. The convolution body C(K, t) [3, 12] which, for a symmetric convex body K in R n and t ≥ 0 is defined by
where K x = (K − x) • = {z ∈ R n : z, y − x ≤ 1, ∀y ∈ K} is the polar body of K with respect to x ∈ K.
We refer to [23, 24, 25] for more general constructions.
The following theorem provides (partial) positive solutions of the generalized homothety conjecture. Theorem 4 (i) was proved with a different method in [20] .
Theorem 4 Let K be a convex body in C 2 + .
(i) [20] There exists a positive numberδ(K) such that K δ is homothetic to K for some δ <δ(K), if and only if K is an ellipsoid.
(ii) There exists a positive number t(K) such that C(K, t) is homothetic to K for some t < t(K), if and only if K is an ellipsoid.
(iii) There exists a positive numbert(K) such that S(K, t) is homothetic to K for some t <t(K), if and only if K is an ellipsoid.
Remark. The proof of this theorem is same as the proof of Theorem 2. The proof of (i) also relies on Lemma 3 in [22] . For the proof of (ii), we refer to results similar to Lemma 6 in [12] . For (iii), one uses Lemma 13 in [7] .
Estimates on the thresholdsδ(K), t(K) andt(K) can be obtained similar to the one for δ(K). This is treated in the next section.
Estimates on the threshold δ(K)
Our proof of Theorem 2 gives a possibility to estimate the threshold δ(K) for a convex body K in R n . Thus we assume that K δ is homothetic to K for some δ ≤ δ(K) with 0 as the center of homothety. Let x M ∈ ∂K, x m ∈ ∂K, T M , T m and τ be as in the previous section. Note that the points x m , x M may not be uniquely determined. We just choose any two points satisfying the condition. Let
We show Theorem 5 Let K be a convex body in R n with everywhere on ∂K strictly positive Gauss curvature and such that ∂K is C 3 . Let a be as in (15) . Then δ(K) of Theorem 2 can be chosen to be
where δ 0 is as in (9) , and the expressions of δ 1 , δ 2 , δ m , δ M are in the proof.
Proof. For α = (α 1 , . . . α m ) ∈ N m , and an |α|-times continuously differentiable function g, let
As determining δ(K) is invariant under affine transformations of determinant 1, we can assume that the ellipsoid approximating ∂K at x m is a Eudlidean ball and then have (see [17] ): For a > 0 given as in (15) above, there exists ∆ a,m such that for all ∆ ≤ ∆ a,m
wherer m = (1 − a)r m . In addition, we also choose ∆ a,m <r m .
Assume now that x m = 0, that N K (x m ) = −e n and that the other (n − 1) axes of the approximating ellipsoid coincide with the remaining (n − 1) coordinate axes. Locally we can then describe ∂K by a convex function f m : R n−1 → R, such that (t 1 , . . . , t n−1 ) → t 1 , . . . , t n−1 , f m (t 1 , . . . , t n−1 ) ∈ ∂K.
As ∂K is C 3 , by Taylor's theorem there exists s ∈ P (K) such that for all t = (t 1 , . . . , t n−1 ) ∈ P (K), the orthogonal projection of K onto R n−1 ,
is the Hessian of f m at 0.
Clearly, A = 1 rm Id n−1 with Id n−1 the identity matrix. K ∈ C 3 also implies that |D α f m (t)| ≤ D for some D > 0, for all α with |α| = 3, and all t ∈ P (K). Therefore,
∂B n 2 x m −r m ,r m is described in our chosen coordinate system by a function
, we get for all t with t ≤r m t n = g m (t) ≥ 1 2
Thus by (17) and (18), for t ≤ t a,m = min r m , 3a Dr m (n − 1) 3 , one has t n = g m (t) ≥ f m (t). We then let 
By (22) .
Now we consider x M . We let r M = κ K (x M ) 1 1−n ,r M = (1 − a)r M andR M = (1+a)r M . Assume now that x M = 0, that N K (x M ) = −e n and that the other (n−1) axes of the approximating ellipsoid coincide with the remaining (n − 1) coordinate axes. Locally we can then describe ∂K by a convex function f M : R n−1 → R, such that (t 1 , . . . , t n−1 ) → t 1 , . . . , t n−1 , f M (t 1 , . . . , t n−1 ) ∈ ∂K. We repeat the previous argument and get for all ∆ ≤ ∆ M,1 , that
Let ξ = 1 + a 2 . Then for all b ∈ [0, 4(ξ−1)
For g M (t) ≤R M , let
